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Abstract
We prove Viehweg’s hyperbolicity conjecture over compact bases and over bases with non-uniruled com-
pactification. The most general case of the conjecture states that the base space of a maximal variation family
of smooth projective manifolds with semi-ample canonical sheaf is of log-general type.
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1. Introduction
Generalizing a classical conjecture of Shafarevich, Viehweg conjectured that manifolds map-
ping quasi-finitely to the moduli stack of canonically polarized manifolds are of log-general type.
In fact, he conjectured more generally that if a manifold U is a base of a family of projective
manifolds with semi-ample canonical sheaves and maximal variation then U is of log-general
type. This is referred to usually as Viehweg’s hyperbolicity conjecture, and is part of a larger
package, generalizing different aspects of the aforementioned Shafarevich conjecture. We refer
to [3, Chapter 16] for a detailed list of the related results and conjectures.
This short paper proves Viehweg’s hyperbolicity conjecture when U is projective. We also
show that the conjecture holds when the compactification of U is not uniruled. The paper, at least
in spirit, is the continuation of the very short paper [4]. That paper proves Viehweg’s conjecture
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Z. Patakfalvi / Advances in Mathematics 229 (2012) 1640–1642 1641over compact bases, and also its generalization to the intermediate variational cases, assuming
the full Minimal Model Program and the Abundance conjecture. Here we manage to drop these
latter two assumptions, at least from the proof of the original conjecture.
Let us introduce first the basic setup used in the article.
Notation 1.1. Fix a projective manifold B over an algebraically closed field of characteristic
zero, a normal crossing divisor  ⊆ B , and define U := B \ .
Recall that for a family X → U of varieties over an integral base, the variation is maxi-
mal, if for a generic u ∈ U there are finitely many u′ ∈ U such that Xu is birational to Xu′
[6, Definition 2.8]. Many times we will need to extend Notation 1.1 as follows.
Notation 1.2. In addition to Notation 1.1, assume that there is a family X → U of smooth pro-
jective manifolds with maximal variation and ωX/U relatively semi-ample over U .
Note that a particular case of Notation 1.2 is when U maps quasi-finitely to the moduli stack
of canonically polarized manifolds. This might be the primary case of interest for some of the
readers.
The main result of the paper is as follows.
Theorem 1.3. Viehweg’s hyperbolicity conjecture is true over compact or non-uniruled bases.
That is, in the situation of Notation 1.2, if either
(1)  = ∅ or
(2) B is not uniruled
then ωB() is big.
2. Technicalities
First, recall the following fundamental property of base-spaces of manifolds with semi-ample
canonical sheaves. It is the main ingredient in the proofs of [4] and [5] as well.
Lemma 2.1. (See [8, Theorem 1.4].) In the situation of Notation 1.2, there is a big sheaf F
contained in ΩB(log)⊗m for some integer m > 0.
Second, we list and prove the following two well-known facts.
Lemma 2.2. For any vector bundle E , det(E ⊗m) ∼= (det(E ))⊗N for some positive integer N > 0.
Proof. Consider the representation det((_)⊗m). It is a one-dimensional representation of the
general linear group, hence it is det(_)N for some integer N . One can see that N is positive here,
by plugging in E :=OPn(1)⊕r . 
By effective line bundle we mean a line bundle corresponding to an effective divisor.
Lemma 2.3. If L is a pseudo-effective and M a big (resp. effective) line bundle on a projective
manifold, then L ⊗M is big (resp. pseudo-effective).
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of effective divisors, and its interior is the cone generated by big divisors. Then the statement
follows. 
We end this section with the other main ingredient of our proof, a positivity property for
log-cotangent bundles of pairs.
Lemma 2.4. Using Notation 1.1, if B is not uniruled and ψ : ΩB(log)⊗m →Q is a torsion-
free quotient, then detQ is pseudo-effective.
Proof. Consider Ω⊗mB as a subsheaf of ΩB(log)⊗m and define P := ψ(Ω⊗mB ). Then P
is torsion-free as well, and generically isomorphic subsheaf of Q. In particular, then detQ =
(detP)⊗M for some effective line bundleM . By [1, Theorem 0.1], detP is pseudo-effective.
Hence By Lemma 2.3, so is detQ. 
3. The proof of Theorem 1.3
Proof of Theorem 1.3. Consider the big sheaf F ⊆ ΩB(log)⊗m guaranteed by Lemma 2.1.
Let G be the saturation of F in ΩB(log)⊗m and define H := ΩB(log)⊗m/G . In the case
of assumption (1), B is not uniruled by [7, Thm. 1], in the other case, this is the assumption
itself. Note also that H is torsion-free since G is saturated. Hence, by Lemma 2.4, detH is






∼= detG︸ ︷︷ ︸
big
⊗ detH︸ ︷︷ ︸
pseudo-effective
.
So, by Lemma 2.3, ωB() is big. This finishes our proof. 
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